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Abstract
A family of commutative weakly distance-regular digraphs of girth 2 was classiﬁed in [K. Wang, Commutative weakly distance-
regular digraphs of girth 2, European J. Combin. 25 (2004) 363–375]. In this paper, we classify this family of digraphs without the
assumption of commutativity.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A digraph  is a pair (X,A) where X is a set of vertices and A ⊆ X × X is a set of arcs. We often write V
for X and A for A, respectively. Throughout this paper  always denotes a ﬁnite digraph with no loops. We call
xy an edge if both of (x, y) and (y, x) are arcs of . A path of length r from x to y is a ﬁnite sequence of vertices
(x = z0, z1, . . . , zr = y) such that (zt−1, zt ) ∈ A for t = 1, 2, . . . , r . A path (z0, z1, . . . , zr−1) is said to be a circuit
of length r if (zr−1, z0) ∈ A. The girth of  is the length of a shortest circuit. If a digraph contains an edge, its girth
is 2. The number of arcs traversed in a shortest path from x to y is the distance from x to y in , denoted by (x, y).
The maximum value of the distance function in , if it exists, is said to be the diameter of . A digraph is said to be
strongly connected if, for any two distinct vertices x and y, there is a path from x to y. For vertices x and y of , let
˜(x, y) = ((x, y), (y, x)). For a digraph , ˜() denotes the set {˜(x, y) | x, y ∈ V}.
A strongly connected digraph  is said to be weakly distance-regular if, for all h˜, i˜, j˜ ∈ ˜(), and ˜(x, y) = h˜, the
number
ph˜
i˜,j˜
: =|{z ∈ V | ˜(x, z) = i˜ and ˜(z, y) = j˜}|
depends only on h˜, i˜, and j˜ . The nonnegative integers ph˜
i˜,j˜
are called the intersection numbers of . We say that  is
commutative if ph˜
i˜,j˜
= ph˜
j˜ ,i˜
for all i˜, j˜ , h˜ ∈ ˜().
For a weakly distance-regular digraph , let Ai,j denote a square matrix of degree |V|, whose rows and columns
are indexed by the vertices of  such that
(Ai,j )x,y =
{
1 if ˜(x, y) = (i, j),
0 otherwise.
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Let
i,j (x) = {y ∈ V | ˜(x, y) = (i, j)}.
The cardinality of i,j (x), denoted by ki,j , does not depend on the choice of x. The number k =∑(1,j)∈˜() k1,j is the
valency of .
Let  be a strongly connected digraph of diameter d. For i˜ ∈ ˜(), let R
i˜
= {(x, y) | ˜(x, y)= i˜}. Then  is weakly
distance-regular if and only if the conﬁguration (V, {R
i˜
}
i˜∈˜()) is an association scheme. For the theory of association
schemes, we refer readers to [1].
In [5], we deﬁnedweakly distance-regular digraphs and determined all commutative 2-valentweakly distance-regular
digraphs. In [3], Suzuki proved the nonexistence of noncommutative 2-valent weakly distance-regular digraphs.Weakly
distance-regular digraphs with k = k1,1 may be regarded as distance-regular graphs, the theory for which may be found
in [2]. It is natural to study weakly distance-regular digraphs with k − k1,1 = 1. In [4], we gave a classiﬁcation of
commutative weakly distance-regular digraphs with girth 2 and k − k1,1 = 1. But the proof of the result strongly relies
on the commutativity. This paper addresses the fact that the condition ‘commutativity’ may be removed.
In order to state our main result, we introduce some deﬁnitions.
Deﬁnition 1.1. Let G be a ﬁnite group and S a subset of G not containing the identity element. We deﬁne the Cayley
digraph = Cay(G, S) of G with respect to S by
V= G and A= {(x, sx) | x ∈ G, s ∈ S}.
Deﬁnition 1.2. Let 1 and 2 be two digraphs. The directed product 1 × 2 from 1 to 2 is a digraph with the
vertex set V1 × V2 and the arc set {((x1, x2), (x′1, x′2)) | (x1, x′1) ∈ A1 and x2 = x′2 or x1 = x′1 and (x2, x′2) ∈
A2}. The lexicographic product 1[2] from 1 to 2 is a digraph with the vertex set V1 × V2 and the arc set
{((x1, x2), (x′1, x′2)) | (x1, x′1) ∈ A1 or x1 = x′1 and (x2, x′2) ∈ A2}.
Theorem 1.1. Let  be a weakly distance-regular digraph of valency k, diameter d, and girth 2. If k − k1,1 = 1, then
 is commutative. Moreover,  is isomorphic to one of the following digraphs:
(1) Cay(Z4, {1, 2}).
(2) Kn[C4].
(3) [C3].
(4) × Cr , r is odd or d < r/2.
Here, Kn = Cay(Zn, {1, 2, . . . , n − 1}), Cr = Cay(Zr , {1}), and  is a distance-regular graph.
2. Proof of Theorem 1.1
We begin with two lemmas which will be used to prove our main result.
Lemma 2.1 (Wang [5, Lemmas 2.1–2.3]). Let  be a connected undirected graph with at least two vertices. Then
[Cr ] is weakly distance-regular if and only if one of the following holds:
(i) r = 3 and  is distance-regular.
(ii) r = 4 and = Kn.
Lemma 2.2 (Wang [5, Lemma 2.4]). Let  be a connected undirected graph of diameter d. Then  × Cr is weakly
distance-regular if and only if  is distance-regular and one of the following holds:
(i) r is odd.
(ii) d < r/2.
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In the rest of this section, we always assume that  is a weakly distance-regular digraph with girth 2 and k−k1,1 =1.
Observe that there exists an integer g3 such that k1,g−1 = 1.
Lemma 2.3. For each (h, l) ∈ ˜(), there exist (i, j), (s, t) ∈ ˜() such that
A1,g−1Ah,l = Ai,j and Ah,lA1,g−1 = As,t .
Proof. Let u and v be two vertices with ˜(u, v) = (h, l). By counting the number of vertices w satisfying ˜(u,w) =
(g − 1, 1), we have∑
m˜∈˜()
p
(h,l)
(g−1,1),m˜ = kg−1,1.
By counting the pairs (u1, v1) such that ˜(u1, v1) = (1, g − 1) in two ways, we obtain kg−1,1 = k1,g−1 = 1. Therefore,
there exists an (i, j) ∈ ˜() such that
p
(h,l)
(g−1,1),m˜ =
{
1 if m˜ = (i, j),
0 otherwise.
In a similar way, for a given m˜ ∈ ˜(), we obtain∑
n˜∈˜()
pm˜(1,g−1),n˜ = 1.
By counting the triangles (x, y, z) satisfying
˜(x, y) = m˜, ˜(x, z) = (g − 1, 1), ˜(z, y) = (h, l)
in two ways, we have km˜pm˜(1,g−1),(h,l) = kh,lp(h,l)(g−1,1),m˜. Then
pm˜(1,g−1),(h,l) =
{
1 if m˜ = (i, j),
0 otherwise.
Therefore,
A1,g−1Ah,l =
∑
m˜∈˜()
pm˜(1,g−1),(h,l)Am˜ = Ai,j .
The proof of the second equality is similar to that of the ﬁrst one, and will be omitted. 
Lemma 2.4. A1,g−1A1,1 = A1,1A1,g−1.
Proof. By Lemma 2.3, there exist (i, j), (s, t) ∈ ˜() such that
A1,g−1A1,1 = Ai,j and A1,1A1,g−1 = As,t .
Observe that 1 i, s2. If i = 1, then A1,g−1A1,1 =A1,1 by k1,g−1 = 1. It follows that there exists a circuit (x, y, z)
satisfying ˜(x, y)= ˜(x, z)= (1, 1) and ˜(y, z)= (1, g−1). Since (A1,1A1,g−1)x,z =1, we obtain A1,1A1,g−1 =A1,1.
Therefore, the equality holds. In a similar way, the equality also holds when s = 1.
Now suppose i = s = 2. In order to prove the equality, it sufﬁces to show j = t . Let (x0, x1, x2) be a path with
˜(x0, x1) = (1, g − 1) and ˜(x1, x2) = (1, 1). Observe that ˜(x0, x2) = (2, j). Let (x1 = y0, y1, . . . , yg−1 = x0) be a
path of length g − 1 from x1 to x0. It follows that (x2, x1, y1, . . . , yg−1 = x0) is a path of length g from x2 to x0, so
jg.
We claim that tj when j <g. If j <g, pick a path (x2, x3, . . . , xj+1, x0) of length j from x2 to x0. Observe that
x3 = x1. It follows that there is an integer h satisfying
˜(xh, xh+1) = (1, 1) and ˜(xh+1, xh+2) = (1, g − 1),
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where all subscripts of x are takenmodulo j +2. ByA1,1A1,g−1=A2,t , we ﬁnd ˜(xh, xh+2)=(2, t), so tj . Therefore,
our claim is valid.
Similarly, let (x0, x1, x2) be a path with ˜(x0, x1) = (1, 1) and ˜(x1, x2) = (1, g − 1). Then, ˜(x0, x2) = (2, t). Let
(x2 = y0, y1, . . . , yg−1 = x1) be a path of length g − 1 from x2 to x1. It follows that (y0, y1, . . . , yg−1, x0) is a path
of length g from x2 to x0, so tg. We will prove that j t when t < g. If t < g, pick a path (x2, x3, . . . , xt+1, x0) of
length t from x2 to x0. Observe that xt+1 = x1. It follows that there is an integer h satisfying
˜(xh, xh+1) = (1, g − 1) and ˜(xh+1, xh+2) = (1, 1),
where all subscripts of x are taken modulo t + 2. By A1,g−1A1,1 = A2,j we ﬁnd ˜(xh, xh+2) = (2, j), so j t .
If j <g, then tj . Since t < g, j t . Therefore, j = t . Now suppose that j = g. If t < g, then j t , a contradiction.
Therefore, j = t = g.
By above arguments, we prove that j = t . Hence the desired result follows. 
Proof of Theorem 1.1. By Lemma 2.3, for each i, there exists an i˜ ∈ ˜() such that Ai1,g−1 =Ai˜ . Observe that ki˜ =1.
If there is an integer j such that Aj1,g−1 =A1,1, then k1,1 = 1. By k − k1,1 = 1, k = 2 and  is thin. Therefore, (1) holds
by Theorem 1.2 in [3].
Now suppose that there is no integer j such that Aj1,g−1 = A1,1. Let
(x0, x1, . . . , xr−1) and (y0, y1, . . . , yr−1)
be two circuits with
˜(xi−1, xi) = ˜(yi−1, yi) = (1, g − 1) and ˜(x0, y0) = (1, 1),
where all subscripts of x and y are taken modulo r. By k1,g−1 = 1 we have
A1,g−1Ag−1,1 = Ar1,g−1 = I ,
where I is the identity matrix of degree |V|. Since k1,g−1 = 1, we obtain (A1,1A1,g−1)x0,y1 = 1. By Lemma 2.4,
(A1,g−1A1,1)x0,y1 = 1. Therefore, ˜(x1, y1) = (1, 1). By induction, we have ˜(xi, yi) = (1, 1) for all i.
By Lemma 2.3, for each j (1jr − 1), there exists (sj , tj ) ∈ ˜() such that A1,1Aj1,g−1 =Asj ,tj . Hence, we may
divide our discussion into the following three cases.
Case 1: A1,1A1,g−1 =A1,1. Since (A1,1A1,g−1)xi ,yi+1 =1 for each i, we obtain ˜(xi, yi+1)= (1, 1). In a similar way,
we have ˜(xi, yi+2) = (1, 1) for each i. By induction, ˜(xi, yj ) = (1, 1) for all i, j . It follows that  is isomorphic to
the lexicographic product from an undirected graph to Cr ; and so (2) and (3) hold by Lemma 2.1.
Case 2: A1,1Aj1,g−1 = A1,1, for each j (1jr − 1). Observe that, for any two distinct i and j, ˜(xi, yj ) = (1, 1).
Then  is isomorphic to the directed product from an undirected graph to Cr . Hence (4) is valid by Lemma 2.2.
Case 3:A1,1Am1,g−1 =A1,1 for somem (2mr −2) andA1,1A1,g−1 = A1,1. Since ˜(x0, ym)= ˜(x0, y0)= (1, 1),
we obtain ˜(y0, ym) = (2, 2). By Lemma 2.3 Am1,g−1 = Amg−1,1 = A2,2. Since A1,g−1Ag−1,1 = I , A2m1,g−1 = I . By
Ar1,g−1 = I , we get r = 2m and A22,2 = I . The equality A1,1Am1,g−1 = A1,1 implies ˜(xi, ym+i ) = (1, 1) for each i.
Since (x2, ym+2, ym+3, . . . , y0, x0) is a shortest path fromx2 tox0 and (y1, y2, . . . , ym, x0) is a shortest path fromy1 to
x0,we obtain ˜(x0, x2)=˜(x0, y1)=(2,m). ByLemma2.3A1,1A1,g−1=A2,m=A1,g−1A1,g−1. SinceA1,g−1Ag−1,1=I,
we have A1,1 = A1,g−1, a contradiction. Therefore, Case 3 does not appear.
Hence  is isomorphic to one of the digraphs in the list. By Theorem 1.2 in [4], all weakly distance-regular digraphs
in the list are commutative. 
Acknowledgements
The author thanks the referees for their close reading of the manuscript and for valuable suggestions that improved
the presentation of the paper. This research is supported by NSF of China, Cultivation Fund of the Key Scientiﬁc
and Technical Innovation Project of Ministry of Education of China (704004), the Doctoral Program Foundation of
Institutions of Higher of China (20040027002), and “985 Program” of Beijing Normal University.
K. Wang / Discrete Mathematics 306 (2006) 2811–2815 2815
References
[1] E. Bannai, T. Ito, Algebraic Combinatorics I, Benjamin/Cummings, Menlo Park, CA, 1984.
[2] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-Regular Graphs, Springer, Berlin, Heidelberg, 1989.
[3] H. Suzuki, Thin weakly distance-regular digraphs, J. Combin. Theory Ser. B 92 (2004) 69–83.
[4] K. Wang, Commutative weakly distance-regular digraphs of girth 2, European J. Combin. 25 (2004) 363–375.
[5] K. Wang, H. Suzuki, Weakly distance-regular digraphs, Discrete Math. 264 (2003) 225–236.
